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It is shown that fundamental uncertainty relations between
photon number and canonical phase of a single-mode optical
field can be verified by means of balanced homodyne mea-
surement. All the relevant quantities can be sampled directly
from the measured phase-dependent quadrature distribution.
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Although the problem of number–phase uncertainty
has widely been studied, there has been no direct ex-
perimental verification of fundamental uncertainty rela-
tions (URs). What can be the best way of doing that? A
powerful and perhaps ultimate method for measuring the
quantum statistics of traveling optical fields has been bal-
anced homodyne detection. The quantity that is directly
measured is the probability distribution p(x, ϑ) of the
phase-dependent quadrature xˆ(ϑ)=2−1/2(aˆe−iϑ+ aˆ†eiϑ),
where aˆ (aˆ†) is the bosonic annihilation (creation) opera-
tor of the (single-mode) signal field and ϑ corresponds to
the local-oscillator phase. It has been shown that p(x, ϑ)
for all phases ϑ in a π interval contains all knowable in-
formation about the quantum state of the signal field and
can be used to reconstruct the Wigner function applying
inverse Radon transformation techniques [1].
Since the Wigner function is a full description of the
quantum state, it can be used to calculate other impor-
tant features of the field, such as the photon-number and
phase statistics and their associated URs [2]. The in-
verse Radon transform requires a three-fold integration
of the measured data, and the calculation of the den-
sity matrix in the Fock basis can then be accomplished
with two integrals. One summation eventually yields the
photon-number moments, and one sum and one integral
must be performed to obtain the (canonical) phase mo-
ments. Hence, six- and seven-fold transformations of the
recorded data are required for UR verification at least. Of
course, large amount of data manipulation accumulates
various errors and the physical nature of the uncertainties
becomes less transparent.
Recent progress has offered new possibilities of deter-
mining the photon-number statistics in a more direct way
avoiding the detour via the Wigner function. It has been
shown that both the density-matrix elements ̺nn′ in the
Fock basis [3] and the moments and correlations 〈aˆ†k aˆk′〉
[4] can directly be sampled from the recorded data ac-
cording to a two-fold integral transform
A =
∫
2pi
dϑ
∫ ∞
−∞
dxKA(x, ϑ)p(x, ϑ). (1)
Here, A is the quantity that is to be determined and
KA(x, ϑ) is the corresponding integral kernel (sampling
function). In particular, A can be identified with pn =
̺nn or 〈nˆk〉= 〈(aˆ†aˆ)k〉 in order to determine the photon-
number distribution or the photon-number moments.
In contrast to the photon number, the phase has re-
mained a troublesome variable. Recently it has been
suggested to measure the canonical phase distribution
asymptotically by replacing the local-oscillator with a
reference mode prepared in so-called reciprocal binomial
states – a method that is state dependent and hardly re-
alizable at present [5]. It has also been suggested to use
balanced homodyning for asymptotically sampling phase
distributions [6]. Again, the method is state dependent
and the exact phase distributions can be obtained only
in the sense of a limiting process. Moreover, with in-
creasing (photon-number) excitation of the state under
consideration an increasing number of highly oscillating
functions must be summed up to obtain the correspond-
ing integral kernels and high-accuracy sampling of the
phase distributions from the recorded data becomes very
difficult. The problem is similar to that of a calculation
of phase quantities from the sampled density-matrix ele-
ments in the Fock basis. With increasing excitation of the
state a larger number of density-matrix elements must be
sampled, so that the accumulated error may eventually
dominate the result.
In what follows we show that fundamental number–
phase URs that are based on exponential phase mea-
sures can be verified directly from the homodyne data
according to Eq. (1), without making a detour via other
quantities and without making any assumptions and ap-
proximations with regard to the state. Let us consider
a phase distribution p(ϕ) and its exponential phase mo-
ments defined by
Ψk =
∫
2pi
dϕ eikϕp(ϕ). (2)
In particular for the canonical phase the relation Ψk =
〈Eˆk〉 is valid, where the exponential phase operator Eˆ is
given by Eˆ = (nˆ + 1)−1/2aˆ (for the canonical phase and
the exponential phase operator, see, e.g., [7]). In order
to define a mean phase ϕ¯ that is independent of the cho-
sen phase window, the first-order exponential phase mo-
ment has been introduced in the definition, ϕ¯=argΨ1=
1
arg〈Eˆ〉, and it has been used to define phase uncertainty
measures, such as
∆ϕ = arccos |Ψ1| = arccos |〈Eˆ〉| (3)
[8], the Bandilla-Paul dispersion σ2BP [9], and the Holevo
dispersion σ2H [10],
σBP = sin∆ϕ, σH = tan∆ϕ. (4)
It can then be proven that the UR
∆n tan∆ϕ ≥ 12 (5)
is valid [8], which is equivalent to the Holevo UR [10]
(∆n)2σ2H ≥ 14 (6)
[(∆n)2=〈nˆ2〉−〈nˆ〉2]. Although these URs are exact, they
are, in a sense, weak. This means that they also allow
for such values of ∆n and ∆ϕ for which no state exists
(for more specific URs and the corresponding minimizing
states, see [11,12]). Further, URs that are based on the
Susskind–Glogower trigonometric operators Cˆ = 12 (Eˆ +
Eˆ†) and Sˆ= 12i (Eˆ− Eˆ†) have also been studied [7,12,13],
∆n∆C ≥ 12 |〈Sˆ〉|, ∆n∆S ≥ 12 |〈Cˆ〉|, (7)
∆S∆C ≥ 12̺00 (8)
[(∆C)2 = 〈Cˆ2〉 − 〈Cˆ〉2, and (∆S)2 accordingly]. Note
that the squares of the trigonometric operators can be
written as
Cˆ2 = 12 1ˆ +
1
4
(
Eˆ2 + Eˆ†2
)
− 14 |0〉〈0|, (9)
Sˆ2 = 12 1ˆ− 14
(
Eˆ2 + Eˆ†2
)
− 14 |0〉〈0|. (10)
From the definitions of ∆ϕ, ∆C and ∆S we see that for
measuring them it is sufficient to measure the exponential
phase moments Ψ1= 〈Eˆ〉 and Ψ2= 〈Eˆ2〉 and the density-
matrix element ̺00 = 〈|0〉〈0|〉. The determination of the
photon-number uncertainty requires measurement of 〈nˆ〉
and 〈nˆ2〉.
It is well known that ̺00, 〈nˆ〉, and 〈nˆ2〉 can directly be
sampled from the data recorded in balanced homodyn-
ing applying Eq. (1). The kernel K00(x, ϑ) for ̺00 can
be taken from [3], K00(x, ϑ) = π
−1 Φ(1, 12 ,−x2), where
Φ(a, b, z) is the confluent hypergeometric function. The
kernels Kn(x, ϑ) and Kn2(x, ϑ) for 〈nˆ〉 and 〈nˆ2〉, respec-
tively, can simply be obtained from the sampling formula
for the normally ordered moments and correlations of
bosonic operators [4],
〈aˆ†naˆm〉
=
∫
2pi
dϑ ei(n−m)ϑ
∫ ∞
−∞
dx
Hn+m(x)
2π
√
2n+m
(
n+m
m
) p(x, ϑ), (11)
from which we find that
Kn(x, ϑ) =
1
2pi
(
x2 − 12
)
, (12)
Kn2(x, ϑ) =
1
2pi
(
2
3x
4 − x2) . (13)
Note that for large |x| the leading terms in these expres-
sions determine the kernels for the energy moments in
the classical limit.
Let us now turn to the problem of direct sampling of
the exponential phase moments of the canonical phase.
Provided that the corresponding integral kernels exist,
their asymptotic behavior for large |x| can be obtained
from considering the classical limit. Since in classical
physics the phase probability distribution p(ϕ) can be
obtained from the phase-space probability distribution
W (r, ϕ) according to p(ϕ) =
∫∞
0 rdr W (r, ϕ), the expo-
nential phase moments Ψk can be given by
Ψk =
∫
2pi
∫ ∞
0
rdrW (r, ϕ)eikϕ. (14)
Further, the quadrature probability p(x, ϑ) is given by
the Radon transform
p(x, ϑ) =
∫
2pi
dϕ
∫ ∞
0
rdrW (r, ϕ) δ[x−r cos(ϑ−ϕ)] . (15)
Let us now assume that Ψk can be related to p(x, ϑ) ac-
cording to Eq. (1) [A→ Ψk and KA(x, ϑ)→ Kk(x, ϑ)].
Substituting in this equation for p(x, ϑ) the result of
Eq. (15) and comparing with Eq. (14), we observe that
Kk(x, ϑ) can be written as Kk(x, ϑ) = e
ikϑKk(x), where
Kk(x) must satisfy the integral equation
∫
2pi
dϕ eikϕKk(r cosϕ) = 1 (16)
for any r>0. From Eq. (16) we can see that Kk(x) is not
uniquely defined. First, any function of parity (−1)k+1
can be added to Kk(x) without changing the integral.
Second, any polynomial of a degree less than k can also
be added to Kk(x). As can be verified, Eq. (16) is solved
using the functions
K2m+1(x) =
1
4 (−1)m(2m+ 1) sign(x) (17)
and
K2m(x) = π
−1(−1)m+1m log |x| (18)
(m = 0, 1, 2, . . .). It is worth noting that since Eq. (15)
is also valid when W (r, ϕ) is the quantum-mechanical
Wigner function, using in homodyne detection the ker-
nels (17) and (18) over the whole x axis would yield
the exponential phase moments of the phase quasi-
probability distribution defined by the radially integrated
Wigner function.
With regard to the canonical phase, the kernels (17)
and (18) are of course valid only for large |x|. To obtain
2
them for arbitrary |x|, we recall that in quantum physics
Ψk can be given by
Ψk = 〈Eˆk〉 =
∞∑
n=0
̺n+k n (19)
in place of Eq. (14). Expressing p(x, ϑ) in terms of the
density-matrix elements ̺nn′ as
p(x, ϑ) =
∞∑
n,n′=0
ei(n
′−n)ϑψn(x)ψn′ (x)̺nn′ , (20)
and assuming that Eq. (1) applies to Ψk, we again find
that Kk(x, ϑ)=e
ikϑKk(x), but in place of Eq. (16)Kk(x)
must now satisfy the integral equation
2π
∫ ∞
−∞
dx Kk(x)ψn(x)ψn+k(x) = 1 (21)
for every n = 0, 1, 2, . . . . Here, ψn(x) = (2
nn!
√
π)−1/2
exp(−x2/2)Hn(x) are the energy eigenfunctions of a har-
monic oscillator, with Hn(x) being the Hermite polyno-
mials. From Eq. (21) and the properties of the Hermite
polynomials [14] the same arbitrariness in the determina-
tion of Kk(x) as in the classical limit is found. To derive
an explicit expression, we use the expansion
Eˆk =
∞∑
n=0
:
aˆ† n exp(−aˆ†aˆ)aˆn+k√
n!(n+ k)!
:
=
∞∑
n=0
∞∑
m=0
1√
n!(n+ k)!
(−1)m
m!
aˆ†n+maˆn+m+k (22)
(: : introduces normal order) and apply Eq. (11) in order
to represent 〈Eˆk〉 in the form of Eq. (1). Provided that
all the correlations 〈aˆ†naˆn+k〉 exist, we derive
Kk(x) = (2π)
−1
∞∑
l=0
C
(k)
l H2l+k(x), (23)
where
C
(k)
l =
(l + k)!
2l+(k/2)(2l+k)!
l∑
n=0
(
l
n
)
(−1)l−n√
(n+1) . . . (n+k)
. (24)
In particular, the kernels for sampling the first two mo-
ments can be rewritten as, on using standard relations
[14],
K1(x) = π
−3/2x
∫ ∞
0
dt√
t cosh2t
Φ
(
2, 32 ,−x2tanh t
)
(25)
(also see [15]), and (apart from an irrelevant constant)
K2(x) =
1
2π
∫ ∞
0
dt
−I0(t)
cosh2t sinh t
Φ
(
2, 12 ,−x2tanh t
)
(26)
(I0(t) is the modified Bessel function). Finally, it can
be proven that the kernels exist and satisfy the condi-
tion (21), i.e., we have found solutions even when the
assumption of finite moments fails and Eq. (11) cannot
be used.
The kernels K1(x) and K2(x) can be evaluated nu-
merically using standard routines. They are plotted in
Fig. 1(a) and (b). As expected, they rapidly approach
the classical limits given in Eqs. (17) and (18) as |x| in-
creases. Since they differ from the classical limits only
in a small region (of a few “vacuum-fluctuation widths”)
around zero, in practice their evaluation needs applying
Eqs. (25) and (26) [or Eq. (24)] only for small values
of |x|, whereas for greater values the expressions given
in Eqs. (17) and (18) can be used. Note that for small
values of |x| power series expansion of the confluent hy-
pergeometric function in Eqs. (25) and (26) can be used.
To verify URs connected with ∆ϕ [e.g., the relations
(5) and (6)], the first moment of Eˆ must be measured,
which can be accomplished with the kernel K1(x, ϑ).
With regard to URs of the type given in Eqs. (7) and
(8), one also needs the second moment of Eˆ and the vac-
uum probability ̺00. From the above, the kernels for
sampling 〈Cˆ2〉 and 〈Sˆ2〉 read as
K±(x, ϑ)=
1
4pi
[
1− Φ(1, 12 ,−x2)
]± 12 cos(2ϑ)K2(x) (27)
[see Fig. 1(c)], where K+(x, ϑ)=KC2(x, ϑ) and K−(x, ϑ)
=KS2(x, ϑ).
To conclude, we have presented a method for verifica-
tion of number–phase URs. It is based on the possibility
of direct sampling of exponential phase moments of the
canonical phase of a single-mode quantum state, Ψk =
〈Eˆk〉, from the data recorded in balanced homodyning.
We have shown that the corresponding kernels Kk(x, ϑ)
are state independent and well behaved. With increasing
|x| they rapidly approach the classical limits. Since the
method does not only apply to the determination of low-
order moments, it may also be used for reconstructing the
canonical phase distribution p(ϕ) as a whole. However,
a direct (state independent) sampling of p(ϕ) according
to Eq. (1) seems to be impossible. If there would exist
a corresponding kernel, its Fourier components with re-
spect to ϑ would be equal to the kernels for determining
Ψk. Since for chosen x the absolute values of these ker-
nels increase with k [cf. Eqs. (17) and (18)], they cannot
be treated as Fourier coefficients of a well-behaved func-
tion of ϑ. Of course, this does not exclude an indirect
reconstruction of p(ϕ). Measuring a limited number of
Ψk, one can use, e.g., the maximum entropy principle
[16] to obtain a p(ϕ) which best fits the measured values
without introducing any arbitrary bias. This also offers
the possibility of verification of URs that are not based
on exponential phase moments [17,18].
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FIG. 1. The kernel for sampling the first (a) and second
(b) exponential-phase moment is shown (full line) and com-
pared with the classical result (dashed line). The kernel for
sampling 〈Cˆ2〉 (c) is shown for ϑ=0 (1), ϑ= pi/4 (2), and ϑ
=pi/2 (3).
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